The relationship between modulation format and the performance of multi-channel digital back-propagation (MC-DBP) in ideal Nyquist-spaced optical communication systems is investigated. It is found that the nonlinear distortions behave independent of modulation format in the case of full-field DBP, in contrast to the cases of electronic dispersion compensation and partial-bandwidth DBP. It is shown that the minimum number of steps per span required for MC-DBP depends on the chosen modulation format. For any given target information rate, there exists a possible trade-off between modulation format and backpropagated bandwidth, which could be used to reduce the computational complexity requirement of MC-DBP.
Introduction
Currently, over 95% of digital data traffic is carried over optical fibre networks, which form a substantial part of the national and international communication infrastructure. The achievable information rates (AIRs), a natural figure of merit in coded communication systems for demonstrating the net data rates based on soft-decision decoding [1, 2] , of optical fibre networks have increased greatly over the past four decades with the introduction and development of wavelength division multiplexing (WDM), advanced modulation formats, digital signal processing (DSP), improved optical fibres and amplifier technologies, which together have facilitated the communication revolution and the growth of the Internet [3, 4] . However, the AIRs of optical communication systems are currently limited by the nonlinear distortions inherent to transmission using optical fibres. These signal degradations are more significant in systems using larger transmission bandwidths, closer channel spacing and higher order modulation formats. Optical fibre nonlinearities have been suggested as the major bottleneck to optical fibre transmission performance [5, 6] .
Much research work is focused on compensating fibre nonlinearities both electronically and optically to enhance the AIRs of optical communication systems. A number of nonlinear compensation (NLC) techniques have been investigated, such as digital back-propagation (DBP), nonlinear pre-distortion, Volterra equalisation, optical phase conjugation, nonlinear Fourier transform, twin-wave phase conjugation, etc [7] [8] [9] [10] [11] [12] [13] . Among these, multi-channel DBP (MC-DBP) has been validated as a promising approach for compensating both intrachannel and inter-channel fibre nonlinearities in WDM optical communication systems. The performance and optimisation of MC-DBP have been investigated separately in both dualpolarisation 16-ary quadrature amplitude modulation (DP-16QAM) and DP-64QAM transmission systems [14] [15] [16] [17] [18] [19] , where the minimum required number of steps per span (MRNSPS), an important complexity index in MC-DBP, to achieve the greatest Q 2 factors/lowest bit-error-rates (BERs) at different back-propagated bandwidths was studied. In addition, the performance of single-channel and full-field DBP with regard to the AIRs has been studied for 16-QAM and 64-QAM systems [20] . However, to the best of our knowledge, no optimisations and analytical predictions for partial-bandwidth DBP were comprehensively investigated with respect to AIRs over different signal modulation formats.
In this paper, the performance and the optimisation of MC-DBP is studied with respect to both signal-to-noise ratios (SNRs) and AIRs of the compensated optical fibre communication systems, where different modulation formats, including dual-polarisation quadrature phase shift keying (DP-QPSK), DP-16QAM, DP-64QAM, DP-256QAM, are applied. Numerical simulations and analytical modelling have been carried out in a reference system of a 9-channel 32-Gbaud Nyquist-spaced WDM optical communication system, with a transmission link of standard single-mode fibre (SSMF). Additionally, the MRNSPS, which is an important index for assessing the complexity of MC-DBP algorithm [7, 13, 14] , has been studied with respect to the AIRs of the compensated communication systems. Finally, an analytical model for predicting the performance of EDC, partial-bandwidth DBP, and fullfield DBP in the optical transmission system has been implemented by considering the contribution of modulation format dependent nonlinear distortions.
It is found that the nonlinear distortions in the systems with applying full-field DBP (due to signal-noise interactions) become independent of modulation format, while the nonlinear distortions in both the electronic dispersion compensation (EDC) and partial-bandwidth DBP (mainly from signal-signal interactions) display a considerable dependence on modulation format. In the optimisation with respect to AIRs, the MRNSPS at different back-propagated bandwidths demonstrates a strong dependence on the modulation format, in comparison with the optimisation of MC-DBP based on SNRs. Also, for any given target information rate, there exists a possible trade-off between modulation format and back-propagated bandwidth which could be used to reduce the computational complexity requirement of MC-DBP.
This paper is arranged as follows. The transmission system under investigation and numerical simulation setup are described in Section 2. The analytical transmission model and mutual information theory is outlined in Section 3. Section 4 details the simulation and analytical results, and further analyses the MRNSPS and the AIRs for different modulation formats in several scenarios of interest. Finally, conclusions are drawn in Section 5. Figure 1 illustrates the simulation setup of the 9-channel 32-Gbaud Nyquist-spaced superchannel optical transmission system using the following modulation formats: DP-QPSK, DP-16QAM, DP-64QAM and DP-256QAM. In the transmitter, a 9-line 32-GHz spaced laser comb is employed as the phase-locked optical carrier, and the comb lines are optically demultiplexed before the I-Q modulators [8, 21] . The transmitted symbol sequence in each optical channel is independent and random, and the symbol sequences in each polarisation are de-correlated with a delay of half the sequence length. A root-raised cosine (RRC) filter with a roll-off of 0.1% is used for the Nyquist pulse shaping (NPS). The SSMF is simulated based on the split-step Fourier solution of the Manakov equation with a logarithmic step-size distribution, of which the mathematical expression can be found in Eq. (6) in Ref [22] . The erbium-doped optical fibre amplifier (EDFA) is employed in the loop to compensate for the loss in the optical fibre. At the receiver, the signal is mixed with an ideal free-running local oscillator (LO) laser to realise an ideal coherent detection of all in-phase and quadrature signal components in each polarisation.
Transmission system
In the DSP modules, the EDC is implemented using a frequency domain equaliser [23, 24] , and the MC-DBP is realised using the reverse split-step Fourier solution of Manakov equation with the nonlinearity compensation implemented in the middle of each segment [7, 16, 25] . The ideal RRC filter is applied to select the desired back-propagated bandwidth for the MC-DBP, and also to remove the unwanted out-of-band amplified spontaneous emission (ASE) noise. The back-propagated bandwidths considered are from 32-GHz for the 1-channel DBP, increasing to 288-GHz for 9-channel (hereafter, full-field) DBP. The matched filter is employed to select the central channel and to remove cross talk from neighbouring channels. Finally, the SNR is estimated over 2 18 symbols to assess the performance of the central channel, and the mutual information (MI) is further computed from the SNR, as discussed in Section 3.2. All numerical simulations are implemented with a digital resolution of 18 sample/symbol. The phase noise from the transmitter and LO lasers, the frequency offset of the transmitter and LO lasers, as well as the differential group delay (DGD) between the two polarisations in the fibre are all neglected. Detailed parameters of the optical transmission system are shown in Table 1 . 
Analytical model and AIR estimation

Nonlinear distortions in the optical communication system
Considering the contributions from ASE noise and fibre nonlinearities (optical Kerr effect), the performance of a dispersion-unmanaged optical communication system can be described using a so-called effective SNR [26, 27] , which after fibre propagation can be described as For dual-polarisation multi-span EDFA amplified Nyquist-spaced WDM transmission systems, the overall ASE noise exhibits as an additive white Gaussian noise coming from EDFAs at the end of each transmission span and can be expressed as [4] ( )
where N s is the total number of spans in the link, G is the EDFA gain, F n is the EDFA noise figure, hν 0 is the average photon energy at the optical carrier frequency ν 0 , and R S denotes the symbol rate of the transmitted signal. The contribution of the nonlinear distortions due to nonlinear signal-signal interaction can be described as follows [26-28]
where η is the nonlinear distortion coefficient, ε is the coherence factor, which is responsible for the increasing signal-signal interaction with transmission distance. This factor lies between 0 and 1 depending on the decorrelation of the nonlinear distortions between each fibre span [26] . In contrast to the 2 S S σ − term, the corresponding noise contribution due to signal-ASE interaction grows quadratically with launched power [29, 30] , and can be modelled as:
with the distance dependent pre-factor of ς, which accounts for the accumulation of signal-ASE distortions with the transmission distance, and can be effectively truncated as [31]:
In the framework of the first-order perturbation theory, the coefficient η can be defined depending on the model assumptions. In the conventional approaches, the impact of optical fibre nonlinearities on signal propagation is typically treated as additive circularly symmetric Gaussian noise [6, 26, 27] . In particular, the effective variance of nonlinear distortions is clearly supposed to be entirely independent of the signal modulation format. However, it has been theoretically shown that the nonlinear distortions depend on the channel input symbols, and the Gaussian assumption of optical nonlinear distortions cannot, therefore, be sufficiently accurate [1, [32] [33] [34] [35] [36] [37] . Furthermore, significant discrepancies have been recently observed, especially for low-order signal modulation formats [33] [34] [35] [36] . Assuming that all WDM channels are equally-spaced, the modulation format dependent nonlinear distortion coefficient η over a single fibre span can be expressed in closed-form using the following approximation [38] ( ) ( )
where β 2 is the group velocity dispersion coefficient, γ is the fibre nonlinear coefficient, L eff is the effective fibre span length, L s is the fibre span length, N ch is the total number of WDM channels, 
where α is the fibre attenuation parameter. It should be noted that the signal-signal interaction term in Eq. (1) can be completely suppressed via full-field nonlinearity compensation. However, similar to [39] , when the nonlinearity compensation is partially applied by means of operating the MC-DBP over a certain bandwidth, the residual signal-signal interaction term in Eq. (1) can be effectively modelled as follows
where (DBP) ch N denotes the number of back-propagated channels. Parameters used in the analytical model are specified in Table 2 . The effectiveness of the modulation-dependent analytical model for predicting the performance of EDC and MC-DBP has been verified in previous work [36, 37, [40] [41] [42] , where detailed comparisons between the analytical and simulation results in terms of SNR have been investigated under various transmission schemes. 
Mutual information and achievable information rate estimation
The discrete-time memoryless additive white Gaussian noise (AWGN) channel with complex-valued input random symbols X and output random symbols Y in each state of polarisation is given by the well-known input-output relationship: Y = X + Z, where Z denotes a zero-mean, circularly symmetric, complex-valued, Gaussian random variable (independent of X) with power The relationship between the symbol-wise soft-decision MI and the SNR for the AWGN channel model is illustrated in Fig. 2 , where the MI is numerically computed using GaussHermite quadrature [43] . For a dual-polarisation Nyquist-spaced communication system, the AIR (in bit/s) can be straightforwardly evaluated from the MI as follows: ch AIR MI.
S N R = (11) Since the "true" channel law of optical fibre channel is unknown, we follow the concept of mismatched decoding as described in [44] . Thus, we obtain a lower bound on the MI in Eq. (9), assuming that the auxiliary channel is given by Eq. 
Results and discussions
In this section, the performance and optimisation of MC-DBP are investigated in terms of both SNR and AIR. The transmission link is 2000 km (25 × 80 km) SSMF, unless otherwise noted. The nonlinear coefficient in the MC-DBP algorithm is always set to 1.2 /W/km, which is the same as in the optical fibre. The simulation results of SNR versus optical signal power per channel at different back-propagated bandwidths is shown in Fig. 3 , where different modulation are used. All the MC-DBP algorithms are operated with 800 step/span to ensure optimal performance. It is found that the DP-16QAM, DP-64QAM, and DP-256QAM transmission systems behave almost the same, while the DP-QPSK system outperforms the other three modulation formats in the cases of EDC and up to 7-channel DBP. This shows the nonlinear distortions in the EDC and partial-bandwidth DBP case (mainly from signal-signal interactions) depend on modulation format, and the DP-QPSK system has less nonlinear distortions than other modulation formats due to less "Gaussianity" in the QPSK constellation. This is consistent with earlier work [35, 36] . However, in the case of full-field (9-channel) DBP, the transmission systems using all modulation formats behave the equivalently, and this demonstrates that the nonlinear distortions (now mainly from signalnoise interactions) become independent of modulation formats in the case of full-field DBP, where the signal-signal nonlinear interactions have been fully compensated. Figure 4 shows the simulation results of SNR versus number of steps per span in the MC-DBP algorithm for different back-propagated bandwidths, where different modulation formats are applied. Here the MRNSPS is defined as the minimum number of steps per fibre span to achieve the best system performance (Q 2 factor, SNR or AIR) in MC-DBP for different numbers of back-propagated channels, which is a significant indicator for evaluating the complexity of the MC-DBP algorithm [7, 13, 14] . It can be seen that, for the same backpropagated bandwidth, the MRNSPS is the same for all modulation formats when the MC-DBP algorithm is optimised in terms of SNR performance, which is 5 steps for 1-channel DBP, 25 for 3-channel DBP, 75 for 5-channel DBP, 150 for 7-channel DBP, and 500 for 9-channel (full-field) DBP. Again, when the MC-DBP is optimised in terms of SNR, the DP-QPSK system outperforms the DP-16QAM, DP-64QAM and DP-256QAM transmission systems in the cases of (linear) EDC and up to 7-channel DBP, and the systems behave the same for all modulation formats in the case of full-field (9-channel) DBP. The above discussions are based on the evaluation and optimisation of the MC-DBP algorithm in terms of SNR performance. However, in the coded transmission systems, the AIR is a more useful indicator and can demonstrate the net data rates that can be achieved by a transceiver based on soft-decision decoding. In the following work the MC-DBP algorithm will be investigated and optimised in terms of AIR.
In Fig. 5 , the MRNSPS at different back-propagated bandwidths is studied with respect to the AIRs of the 9-channel 32-Gbaud Nyquist-spaced optical communication system, where different modulation formats are applied. It can be seen that for different back-propagated bandwidths, the MRNSPS in the MC-DBP algorithm depends on the order of the modulation formats, to achieve the best possible AIR. This demonstrates, for the first time to our knowledge, that the MRNSPS depends on the modulation format if MC-DBP is optimised with respect to AIR. The MRNSPS at different back-propagated bandwidths for different modulation formats is shown in Table 3 . Compared to the optimisation of MC-DBP with respect to SNR, the DP-256QAM system has the same MRNSPS to achieve the best AIR for different back-propagated bandwidths. However, the MRNSPS in the MC-DBP algorithm for DP-QPSK, DP-16QAM, and DP-64QAM systems is significantly reduced with the decrease in modulation format order.
The MRNSPS in the MC-DBP optimisation with respect to SNR is shown at the bottom of Table 3 . It is found that for the DP-QPSK transmission system, the MRNSPS is reduced to (or less than) 1/5 of the MRNSPS in the MC-DBP optimisation in terms of SNR, which means the conventional optimisation actually overestimates the system requirements. This has an implication for practical optimisation of the MC-DBP algorithm that the complexity of MC-DBP may be reduced considerably if it is re-optimised with respect to AIR, depending on the modulation format applied in the communication system. Corresponding to Fig. 2, Fig. 6 shows the simulation results of AIRs versus optical signal power in the 9-channel 32-Gbaud Nyquist-spaced optical fibre communication system using different modulation formats at different back-propagated bandwidths, where all the MC-DBP algorithms have been operated with 800 step/span to ensure optimal performance. Firstly, it can be found that the highest gain in terms of AIRs for the full-field (9-channel) DBP comes from the highest order of modulation formats (DP-256QAM), which is 1.34 Tbit/s from 2.86 Tbit/s at −2 dBm in EDC case to 4.20 Tbit/s at 6.5 dBm in the 9-channel DBP case. It is also found in Fig. 6 that the AIR of the DP-256QAM system using 7-channel DBP exceeds the DP-64QAM system using full-field (9-channel) DBP when the optical power is less than 3.5 dBm, and also exceeds the AIR of the DP-16QAM and DP-QPSK systems using full-field DBP. This implies that, to achieve a given target AIR, there could be a compromise in the selection between the modulation format and the back-propagated bandwidth, depending on the permissible complexity of the system implementation. This effect will depend on the transmission distance and an analytical prediction based on the modulation format dependent noise model is implemented to assess the system performance at different transmission distances.
As discussed in Section 3, the analytical model for predicting the AIRs of the 9-channel 32-Gbaud Nyquist-spaced optical transmission system using EDC, partial-bandwidth DBP and full-field DBP has been implemented based on the modulation format dependent noise model, where different modulation formats including DP-QPSK, DP-16QAM, DP-64QAM and DP-256QAM are applied. The prediction of AIR at the optimum launch power for different back-propagated bandwidths according to this analytical model and the simulation results are both shown in Fig. 7 . The '0' value of the number of back-propagated channels refers to the EDC-only case, and the dots inside the hollow markers of all EDC cases are the analytical predictions. It is found in Fig. 7 that a good agreement has been achieved between the analytical model and the numerical simulations for all modulation formats, in the cases of both EDC and MC-DBP. Figure 7 also indicates that DBP provides no gain in terms of AIR at the optimum power in the DP-QPSK and DP-16QAM optical communication systems at the transmission distance of 2000 km. This is because the MIs at the optimum SNR in the case of EDC have already reached their maximum values in Fig. 2 , for the 2000 km DP-QPSK and DP-16QAM transmission systems. The analytical model is further applied to predict the AIRs of the 9-channel 32-Gbaud Nyquist-spaced optical communication systems with different transmission distances, where the use of EDC, partial-bandwidth DBP and full-field DBP has been taken into consideration. The system is estimated under transmission over SSMF with a uniform span length of 80 km. The prediction of AIRs versus transmission distances is illustrated in Fig. 8 . It can be seen that, at the transmission distance of 2000 km the DP-256QAM system using 7-channel DBP outperforms the DP-64QAM using full-field (9-channel) DBP, and at the transmission distance of 1200 km the DP-256QAM system using 3-channel, 5-channel and 7-channel DBP all outperforms the DP-64QAM system using full-field (9-channel) DBP. This offers a tradeoff on the selection of modulation formats and back-propagated bandwidths to achieve a target AIR. For longer transmission distances, e.g., over 2500 km, only the full-field DBP of DP-256QAM system can outperform the AIR of DP-64QAM system using full-field DBP. In addition, it can be found that for the DP-QPSK modulation format, the system using EDC, partial-bandwidth DBP and full-field DBP shows the same AIR, with the transmission distance up to 6000 km. This means that in an ideal system (no transceiver SNR limitations) the application of DBP is not necessary for DP-QPSK transmission to compensate fibre nonlinearities for enhancing the AIR, when the distance is less than 6000 km.
Although the above discussions are analysed based on ideal transmission systems, where the transceiver SNR penalty, DGD, and laser phase noise have been neglected, this paper gives an insight into the optimisation of MC-DBP, as well as in the selection of modulation formats and back-propagated bandwidths when designing practical optical communication systems using digital nonlinearity compensation techniques. The ideal implementations of both optical transmission systems and MC-DBP have been applied in order to investigate the dependence on modulation formats, when an optimum system performance is obtained. The use of 800 step/span in MC-DBP is to ensure the optimal performance of nonlinearity compensation. However, in commercial communication systems, a more feasible and promising value for the number of step per span in the application of MC-DBP is generally considered as 1 step/span [13] . From Fig. 4 , it can be found that in such case only 1-channel DBP can give improvement in the system performance compared to the EDC case, which is consistent with our previous work [16] . The performance of optical communication system using the 1 step/span 1-channel DBP is further investigated in terms of SNRs (in Fig. 9 ) and AIRs (in Fig. 10 ). Modulation formats of DP-QPSK, DP-16QAM, DP-64QAM, and DP-256QAM are applied, and the transmission distance is again 2000 km. It can be found in Fig. 9 that, similar to the ideal MC-DBP, the DP-16QAM, DP-64QAM, and DP-256QAM systems still behave almost the same, while the DP-QPSK system outperforms the other modulation formats. In Fig. 10 , the use of the 1 step/span 1-channel DBP can only produce a small improvement (~0.05 Tbit/s) on the optimum AIRs in the DP-64QAM and DP-256QAM systems, which is from 2.83 Tbit/s at −2 dBm (EDC) to 2.88 Tbit/s at −1.5 dBm (1-channel DBP) in DP-64QAM system, and is from 2.86 Tbit/s at −2 dBm (EDC) to 2.91 Tbit/s at −1.5 dBm (1-channel DBP) in DP-256QAM system. Some research was also carried out to further reduce the complexity of DBP to 1 step per whole link, which is called single-step DBP. The performance of single-step DBP has been investigated in the DP-QPSK optical transmission system using an enhanced split-step Fourier method [45, 46] . The performance dependence of modulation format for this singlestep DBP approach will be investigated in our future work. 
Conclusions
In this paper, the performance and the optimisation of MC-DBP was investigated with respect to both SNR and AIR of the optical fibre communication systems using different modulation formats, such as DP-QPSK, DP-16QAM, DP-64QAM, and DP-256QAM. Numerical simulations and analytical modelling have been carried out in a 9-channel 32-Gbaud Nyquistspaced SSMF optical communication system. Simulation results show that the nonlinear distortions in the system using full-field DBP (from signal-noise interactions) behave independent of modulation formats, while the nonlinear distortions in the cases of EDC and partial-bandwidth DBP (mainly from signal-signal interactions) still show considerable dependence on modulation format. The minimum required number of steps per span in the MC-DBP algorithm has been studied with respect to the AIR of the compensated communication systems. It has been found that the MRNSPS at different back-propagated bandwidths shows a strong dependence on the modulation format, in contrast to the analysis that the MRNSPS at different back-propagated bandwidths is independent of modulation format when the MC-DBP is optimised in terms of SNR. In addition, the analytical model for predicting the performance of EDC and MC-DBP in the optical transmission system has been carried out based on the analysis of modulation format dependent nonlinear distortions. Good agreement has been achieved between the analytical predictions and numerical simulations. According to the analytical prediction, to achieve a given AIR, there would exist a possible trade-off between the modulation format and back-propagated bandwidth, according to practical limitations. Also in an ideal system, DBP is not necessary to compensate the fibre nonlinearities for enhancing the AIR in DP-QPSK transmission, when the distance is less than 6000 km.
Although the analysis and discussions were carried out based on the scheme of ideal transmitter and DSP to study the performance dependence on modulation formats, this paper gives an insight into the optimisation of MC-DBP, as well as in the selection of modulation formats and back-propagated bandwidths for designing practical optical communication systems using digital nonlinearity compensation techniques.
In addition, to analyse a more practical case, the application of 1 step/span in the DBP has also been studied in the Nyquist-spaced optical communication system. It is found that only 1-channel DBP can give improvement in the system performance compared to the EDC case. At the transmission distance of 2000 km, only a small improvement (~0.05 Tbit/s) on the optimum AIRs can be obtained in the DP-64QAM and DP-256QAM systems. 
